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Non-Hermitian perturbations generally induce unstable dynamical Fermi surfaces, which are captured by
the imaginary part of the eigenvalues of the Hamiltonian. Here we investigate this instability in nodal line
semimetals under a general form of non-Hermitian perturbations. We find that the Fermi surfaces can transit
from 1d nodal lines to 2d twisting Fermi surfaces with Hopf-link boundaries, if the winding number defined
by the non-Hermitian perturbations along the nodal line is nonzero. These Hopf-link boundaries, dubbed as
hopf-link exceptional lines, are dynamically stable. The topological invariants and anomalous bulk-boundary
correspondence of the Hopf-link exceptional line semimetals are also specified.
PACS numbers: 74.20.Mn, 74.70.Dd, 74.20.Rp
Introduction—Non-Hermitian Hamiltonians have been
widely utilized in physical systems[1–3], such as open quan-
tum systems[4], wave systems with gain and loss[5–20] and
interacting electron systems[21–23]. A Hamiltonian describ-
ing these systems generally includes three parts[4]: the in-
trinsic part HS , the external environment HE , and the cou-
pling between them HSE . By tracing out the environment
degree, an effective Hamiltonian, HeffS , can be obtained[4].
The non-Hermitian terms in HeffS can be viewed as a dy-
namical instability that is imposed to HS through complex
eigenenergies whose imaginary parts specify lifetimes. Many
intriguing phenomena have been proposed for non-Hermitian
systems, such as unidirectional invisibility[7], single-mode
lasers[12, 13], enhanced sensitivity in optics[11, 17], bulk
Fermi-arc[21, 22] and non-Hermitian skin effect[24, 25].
The concept of topological invariants has been proposed
to classify both gapped and gapless phases in Hermitian
systems[26–29], and also has been applied to non-Hermitian
systems recently[24, 25, 30–74]. One crucial observation
is that topologically stable band degeneracies in the non-
Hermitian case only require tuning two independent param-
eters instead of three ones required in the Hermitian case[30].
Thus in two dimensional (2d) non-Hermitian models, the
exceptional points (EPs), which can not be eliminated by
small perturbations in the absence of any symmetry, act in
a same way as Weyl points in three dimensional (3d) Her-
mitian systems[30]. In 3d, the stable degeneracies in non-
Hermitian systems must be one dimensional exceptional lines
(ELs), which can be linked or knotted in a nontrivial way.
This is similar to five dimensional (5d) Weyl semimetals[76],
where the Weyl points are generalized to the Weyl surfaces
and the topological invariants are related to the linking num-
ber. Based on this observation, new topological invariants
must be required to describe the linking structure of the ELs.
In the Hermitian case, the linking degeneracies have al-
ready been studied theoretically, such as nodal link and nodal
knot semimetals[77–85]. However, the proposed models have
not been realized experimentally due to the requirement of
having significant and suitable hoppings beyond the nearest
neighbor, which is not immediately available in materials.
Although it has been proposed to realize nodal link or knot
semimetals from a nodal chain semimetal by adding some par-
ticular perturbations, the transition requires the touching point
of nodal lines to satisfy strict quadratic dispersion along all
directions[86] which is forbidden by the constrain of mirror
or glade plane symmetries[28]. Therefore, it is natural to gen-
eralize and investigate linking degeneracies in non-Hermitian
systems.
In this Letter, we propose a simple method to realize the
Hopf-link EL semimetals by non-Hermitian perturbations in a
nodal line semimetal. It is found that the Fermi surfaces (FSs)
transit from 1d nodal lines to 2d twisting FSs with linked 1d
FIG. 1: The FSs evolution of nodal line semimetals under non-
Hermitian perturbations for Hamiltonian given in Eq. (4): (a) dis-
plays the FSs regulated by Eq. (3). The yellow surface represents the
condition |h|2 − λ2|g|2 ≤ 0 and the green one represents the un-
stable Fermi surfaces (FS) (with a finite life time), whose boundaries
(red curves) are Hopf-link exceptional lines while the original nodal
line (blue) is on the green FS. (b) shows the twisting and linking
structure.
ar
X
iv
:1
80
7.
05
66
1v
3 
 [c
on
d-
ma
t.m
es
-h
all
]  
21
 A
ug
 20
18
2boundaries, as shown in FIG. 1 (a) with blue, green and red
ones respectively. Due to the vanishing of the imaginary part
of the eigenvalues of the Hamiltonian, only these boundaries,
known as ELs, are dynamically stable. In order to describe
these nontrivial linking ELs, we construct a new topologi-
cal invariant, based on the integral of the Chern-Simons form
over the BZ in a duality Hermitian Hamiltonian. For the nodal
line semimetals, the linking structures of the ELs can be cap-
tured by a winding number along the nodal line defined by
the non-Hermitian perturbations. Besides the bulk topolog-
ical invariants, we also calculate the surface states and find
that the original Bloch Hamiltonian can not predict the cor-
rect regions of surface modes due to the non-Hermitian skin
effect[24, 25, 72]. However, we can take a complex-valued
wavevector[24, 25] to obtain a generalized Bloch Hamilto-
nian, which can provide a correct bulk-boundary correspon-
dence. Finally, we propose several possible experimental re-
alizations of the Hopf-link EL semimetals.
Topological nodal line semimetals under non-Hermitian
perturbations—We first consider an effective model of topo-
logical nodal line semimetal. The Bloch Hamiltonian is given
by
Hnl(k) = hx(k)τx + hz(k)τz, (1)
where hx(k) = sin kz , hz(k) = m+cos kx+cos ky+cos kz ,
m is external parameter and τx, τz are the Pauli matrices.
Without losing generality, we have neglected the ε0(k)τ0
term and have assumed m = −21/8 for the simplification
of our discussion. In this case, the energy spectra become
Enl,±(k) = ±
√
hx(k)2 + hz(k)2. The nodal line is de-
termined by the following two equations sin kz = 0 and
cos kx + cos ky = 13/8. In the continuum limit, the pa-
rameter equation of the nodal line can be approximated by
(kx, ky, kz) = (
√
3/4 cos θ,
√
3/4 sin θ, 0). An specific ex-
ample of the nodal line is shown in FIG. 1 with the blue
line. The topological invariant of this model is the first Z2
charge[28], which is defined by the integral of the Berry
connection along a loop enclosing the nodal line, that is
(−1)ν1pi = ∮LA(k)·dk. Because of the gauge invariance, the±pi represent one state. The above nodal line semimetal also
has a topological invariant—the linking number, which de-
scribes the topological gravitomagnetoelectric effect[75, 87].
Now we consider a general form of non-Hermitian pertur-
bations to the above model and the total Hamiltonian becomes
H(k) = Hnl(k) + λHnH(k),
HnH(k) = igx(k)τx + igy(k)τy + igz(k)τz,
(2)
where λ is the perturbation parameter. With the perturbation,
most “k” states in the band structure have finite lifetimes with
E±(k) = Re[±(k)] and 12Γ±(k) = Im[±(k)], where
±(k) = ±
√
(|h|2 − λ2|g|2) + 2iλh · g. Here the ± sign
of E±(k) can not be simply interpreted as the occupied and
unoccupied states. However, we can still define the FSs as the
vanishing of real part of the E±(k), which are determined by
the following two equations,
|h(k)|2 − λ2|g(k)|2 ≤ 0, 2λh(k) · g(k) = 0. (3)
The first equation |h(k)|2 − λ2|g(k)|2 ≤ 0 with ”=” deter-
mines a 2d closed surface, and ”<” extends its region in the
BZ, as shown in FIG. 1(a) with the yellow one. Thus on the
one hand, the set of ”k” points satisfying Eq. (3) with ”=”
is a 1d manifold, dubbed as ELs, which are dynamically sta-
ble due to the vanishing of the imaginary part Γ±(k). On
the other hand, the Eq. (3) with ”≤” determines a 2d FSs,
whose boundaries are the ELs, as shown in FIG. 1(a) with
green and red ones. Similar to the nodal link and nodal knot
semimetals[77–86], the ELs can also be linked together, or
form some nontrivial knots.
Hopf-link EL semimetals— We consider a concrete example
of the above model with
gx(k) = sin kx, gy(k) = 0, gz(k) = sin ky. (4)
FIG. 1 is calculated for this model with λ = 1/2. We can ar-
gue that this linking structure is robust as follows. First, in the
continuum limit around the Γ point, the equation determines
the ELs is (kz + iλkx)2 + ((k2/2 − 3/8) + iλky)2 = 0.
This equation has two possible solutions ±i(kz + iλkx) =
(k2/2 − 3/8) + iλky , which correspond to the two ELs
with the following parameter equations (kx,±, ky,±, kz,±) =
(±λ + √(4λ2 + 3)/4 cos t,√(4λ2 + 3)/4(λ2 + 1) sin t,
±λ√(4λ2 + 3)/4(λ2 + 1) sin t), where t ∈ [−pi, pi]. We can
easily check these two loops linked together when λ 6= 0, and
the separation length between the two centers of the linked
loops is |λ|. Second, we can understand this linking structure
based on the geometry and perturbation analysis. The first
equation |h(k)|2 − λ2|g(k)|2 ≤ 0 act as the doping level of
the nodal line semimetals. When 0 < λ  1, the geometry
object determined by the above inequation is a solid torus
centered at the nodal line when |g(knl)| 6= 0. We can cut this
nodal line and then straighten it with a periodic boundary con-
dition as shown in FIG. 1(b). Combining the second equation
2λh(k) · g(k) = 0, we can see that the intersection surface
can be viewed as a strip with twisting boundary conditions.
FIG. 1(b) shows this procedure in which the red boundary
lines are the ELs linked together. If the twisting angle of the
FS is 2pi, the boundary red lines just form a Hopf-link. This
geometry argument can only be applied for the nodal line
semimetals with a small non-Hermitian perturbation because
the solid torus transits to a solid sphere for a large |λ|.
Topological invariants—Several topological invariants have
been proposed for non-Hermitian systems, such as winding
number[32], Chern number[30, 56] and vorticity[30]. How-
ever they can not capture the linking or knotting structures
of the ELs. Unlike the linking degeneracies in the Hermi-
tian case which are protected by PT symmetry, the ELs in
the non-Hermitian systems are not protected by any symme-
try and can not be gapped by adding small perturbations. This
is similar to the 5d generalization of Weyl semimetals, where
the basic topological invariant is the linking number of the
3FIG. 2: The winding number defined by (
√
3/4gz, 2gx)|kNL along
the blue nodal line. The left ones show the FSs (green), ELs
(Red), nodal line (Blue) and normal vector of the FSs along the
nodal line. The right ones show the corresponding winding num-
bers. The non-Hermitian perturbations with λ = 1 in (a) and (b) is
gx(k) = 0.2kx+0.5, gz(k) = 0.4ky+0.3 and gx(k) = 0.6kx+0.1,
gz(k) = 0.4ky − 0.1.
Weyl surfaces[76]. This feature causes difficulty to define the
linking number of the ELs as the Berry connection and Berry
curvature can not be regulated along these ELs. Thus, a sim-
ple generalization of topological invariants from the Hermi-
tian case to the non-Hermitian case fails[87].
Our strategy to define the topological invariants of the
Hopf-link EL semimetal is to map this non-Hermitian Hamil-
tonian to a PT symmetric Hermitian Hamiltonian, in which
the parameter equations of EL have the same form of EL in
the non-Hermitian system. Observing that the ELs are deter-
mined by |h(k)|2 − λ2|g(k)|2 = 0 and 2λh(k) · g(k) =
0, the Hermitian Hamiltonian can be defined as H(k) =
hx(k)σx + hz(k)σz , where hx(k) = |h(k)|2 − λ2|g(k)|2
and hz(k) = 2λh(k) · g(k). We can check that the topology
of the nodal lines determined by this Hermitian Hamiltonian
are the same as the original ELs. In contrast to the ELs, these
ELs are protected by PT symmetry and can be gapped by
adding a small PT symmetry breaking term mσy . Based on
this term, we can define the Berry connection and Berry cur-
vature in the whole BZ without singularity. Thus the linking
number is captured by the integral of the Chern-Simons form
over the BZ[87],
1
4pi
∫
BZ
a ∧ da = −pi
∑
α,β
νανβN(Lα,Lβ), (5)
where να and νβ are the first Z2 charge of the two ELs Lα
and Lβ , and N(Lα,Lβ) is the linking number. Like the Z2
charge, the integral of the Chern-Simons form 1/(4pi)
∫
BZ
a∧
da is only defined mod 2pi due to gauge invariance.
Robustness of the Hopf-link EL semimetal—Although we
have formally defined the linking number, it is not easy to
calculate it. In order to capture the robustness the Hopf-link
EL semimetal in a simplified manner, we introduce a wind-
ing number defined by the non-Hermitian perturbations. The
observation of the winding number is the twisting structure of
the FS as shown in FIG.2(a) and (c). This twisting property
can be captured by the winding number of the normal vec-
tors of the FSs along the nodal line. To calculate the winding
number, we first define the normal direction perpendicular to
the FS, d(knl) = 2λ∇kh(k) · g(k)|knl , where we have used
the fact h(knl) = 0 and knl is the momentum on the nodal
line. Then we project this vector onto the plane that is per-
pendicular to the nodal line, d˜(knl) = (d˜x(knl), d˜y(knl)) =
(d˜1(t), d˜2(t))/d˜(t), where t ∈ [−pi, pi] is the parameter that
represents the nodal line and d˜(t) = (d˜21 + d˜
2
2)
1/2. The wind-
ing number is defined as
ν =
1
2pi
∫ pi
−pi
dtεij d˜i∂td˜j , (6)
where d˜i = d˜x, d˜y , the components of the normalized vector
d˜. In our model, the parameter equation of the nodal line is
knl = (
√
3/4 cos t,
√
3/4 sin t, 0). Based on this, we have
d˜(t) = 2λN(
√
3/4gz(t), 2gx(t)), (7)
where N is the normalized factor. This vector defines the
winding number and determines the twisting property of the
FSs. FIG.2(b) and (d) show this winding number for the fol-
lowing two cases, gx(k) = 0.2kx + 0.5, gz(k) = 0.4ky + 0.3
and gx(k) = 0.6kx+0.1, gz(k) = 0.4ky−0.1. It is clear that
when the winding number is nonzero, the FSs gains a twisting
structure with Hopf-link ELs at the boundary[92].
Boundary state—The bulk-boundary correspondence for
the non-Hermitian systems has been widely discussed in the
recent papers[24, 25, 32, 33, 38, 71, 72]. In our model, when
λ = 0, the boundary has a drumhead surface state in the z
direction, which is related to the quantized Berry phase of the
1d SSH model[88], as shown in FIG. 3(b). If we consider
kx = k
0
x and ky = k
0
y as external parameters and kz as mo-
mentum, taking a transformation τx → τx, τz → τy , the fol-
lowing 1d SSH non-Hermitian Hamiltonian can be obtained
by a transformation τx → τx, τz → τy ,
H(kz) = (sin kz + if1)τx + (cos kz + f2 + if3)τy, (8)
where f1 = λ sin k0x, f2 = m + cos k
0
x + cos k
0
y and f3 =
λ sin k0y with m = −21/8 and λ = 1/2. FIG. 3(a) shows
the projected FSs (with green color) on the kx − ky plane,
where the ELs and nodal lines are represented by the red and
blue curves respectively. The boundary states along the di-
rection, (−pi/2, 0, 0) → (pi/2, 0, 0), is shown in FIG. 3(a)
with black arrow. FIG. 3(b) shows the band structure with
λ = 0 (Hermitian limit) with an open boundary condition.
The boundary zero modes are exactly related to the nodal line
(with the blue color). FIG. 3(c) shows the periodic band struc-
ture of the real part for λ = 0.5, in which there are two flat
bands with the four EPs at boundary represented by the four
4FIG. 3: (color online). The edge state along the z−direction with
λ = 0.5: (a) shows the projected FSs (Blue region) on the kx − ky
plane, where the red and blue lines represent the ELs and nodal lines
respectively. The Black arrow shows the region where the boundary
states are calculated. (b)-(d) show the real part of the energies with
different cases.
red lines. However, if we use open boundary condition, an
non-Bloch bulk-boundary correspondence emerges as shown
in FIG. 3(d), where the two black lines represent the bound-
ary of surface zero modes. The non-Bloch bands are gapped
at these four EPs. These results reflect the difference between
the Bloch and open-boundary (non-Bloch) bands as pointed
out in recent works[24, 25, 38, 72]. Our results indicate
a modified bulk-boundary correspondence in non-Hermitian
semimetals[24, 25].
Non-Hermitian skin effect—In order to understand the
above difference between the Bloch and non-Bloch bands,
we consider the effect of non-Hermitian terms in Eq. (8).
FIG. 4(a) shows the real space hopping procedure in the non-
Hermitian terms. if3τy implies an imbalance hoping along
the lattice, and if1τx acts as the role of non-Hermitian flux
at each site. With a periodic boundary condition as shown in
Eq. (8), Bloch wave functions are the eigenstates. However,
if we turn off the boundary hopping processes, the above two
non-Hermitian terms inevitably drive the wave function to one
side, as shown in FIG. 4(a). As a result, the boundary hop-
ping terms can not be regarded as perturbations in the original
Bloch Hamiltonian (8) anymore. Through this argument, if
we want to find the correct bulk-boundary correspondence in
the non-Hermitian system, we must start from a ”non-Bloch”
Hamiltonian whose eigenstates can reflect the non-Hermitian
skin effect[25], which means these wave functions has an ex-
ponential localized feature. This can be done by introducing
a complex-valued wavevector to the Bloch Hamiltonian (8),
such that the wave function is localized on the one side of
z−direction as shown in FIG. 4 (a),
H(kz)→ H(kz + iκz), (9)
where κz = ln
√|(f1 + f2)/(f1 − f2)|[24]. After the taking
FIG. 4: (color online). Non-Hermitian skin effect: (a) shows the non-
Hermitian hopping terms in Eq. (8) and the absolute value of the
wave function with open boundary conditions; (b) shows the band
structure of the modified Bloch Hamiltonian Eq. (10) (red curves).
complex wavevector, we obtain a generalized Bloch Hamilto-
nian of Eq. (8),
H˜(kz) = [coshκz sin kz + if˜1(kz)]τx
+ [coshκz cos kz + f2 + if˜3(kz)]τz,
(10)
where f˜1(kz) = λ sin k0x+sinhκz cos kz and f˜3 = λ sin k
0
y−
sinhκz sin kz . FIG. 4(b) shows the band structure (red
curves) of the above Hamiltonian (10) with λ = 0.5. This
Hamiltonian correctly predicts the boundaries of the surface
zero modes.
Discussion–Experimentally, the Hopf-link ELSM may be
realized in photonics or LC circuits systems. As proposed in
ref. [7], unidirectional invisible medias can be realized by
PT symmetric periodic gain and loss structures. If we con-
sider such a photonics media to induce imbalance hoping di-
rections, modulated non-Hermitian terms can arise to create
Hopf-link exceptional line semimetals. Another method to
realize a controllable photonic crystal with periodic gain and
loss has been proposed in ref. [89]. The same thing may occur
in LC circuits systems, which have been proposed to realize
the nodal line semimetals[90]. The LC circuits system is a
typical dissipative system. The diode can be used to realize
the modulated non-Hermitian terms. The non-Hermitian per-
turbation arises when the dissipative is much larger along one
direction than along the inverse direction in the diode.
In summary, we have proposed a method to realize the
Hopf-link EL semimetals from nodal line semimetals. The
FSs of the Hopf-link EL semimetals have a twisting structure,
whose boundaries are the Hopf-link. The linking number is
constructed from a dual Hermitian Hamiltonian, whose nodal
lines have the same topology with the ELs. We also establish
the modified bulk-boundary correspondence in non-Hermitian
semimetals. Experimentally, the modulated non-Hermitian
hopping terms can be realized in photonic crystals or LC cir-
cuits. We show that the Hopf-link phase is robust and can be
characterized by the winding number from the non-Hermitian
perturbations along the nodal line.
Note added—During the preparation of this manuscript, we
became aware of related work by Carlstrom, et. al[91].
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7Supplementary material
Understanding the Hopf-link exceptional lines by Algebraic method
In general, the effective Hamiltonian of nodal line semimetals under non-Hermitian perturbations can be written as
H(k) = Hnl(k) + λHnH(k)
= (hx(k) + iλgx(k))τx + iλgy(k)τy + (hz(k) + iλgz(k))τz,
(11)
where hi(k) belongs to the Hamiltonian of nodal line semimetals, gi(k) belongs to the non-Hermitian perturbations and λ
controls the perturbation strength. The eigenvalues of the above effective Hamiltonian is given by
E2±(k) = (hx(k) + iλgx(k))
2 + (iλgy(k))
2 + (hz(k) + iλgz(k))
2
= z21(k) + z
2
2(k)− λ2g2y(k),
(12)
where z1(k) = hx(k) + iλgx(k) and z2(k) = hz(k) + iλgz(k). If one assumes gy(k) = 0, the square of the energy will
become E2±(k) = z
2
1(k) + z
2
2(k). Thus the equations for the exceptional lines are determined by z1(k) = ±iz2(k). Plugging
the equations of z1(k) and z2(k) into z1(k) = ±iz2(k), we obtain the equation to determine the exceptional lines as
kel = {k ∈ BZ|hx(k) = −λgz(k) ∩ hz(k) = λgx(k)} ∪ {k ∈ BZ|hx(k) = λgz(k) ∩ hz(k) = −λgx(k)}. (13)
Without loss of generality, we consider the following continuum model,
{hx(k) = kz, gx(k) = a1 + b1kx, hz(k) = 3/8− k2/2, gz(k) = a2 + b2ky}, (14)
where ai and bi are tunable parameters. For more complexed cases, like hi(k) = ai + bikx + ciky + dikz , the following method
can also be calculated in principle. If a1 = a2 = 0, b1 = b2 = 1, this is the case discussed in the main text. Plugging the above
equations into Eq. 13, we obtain
kel ={k ∈ BZ|kz = −λ(a2 + b2ky) ∩ 3/8− k2/2 = λ(a1 + b1kx)}
∪ {k ∈ BZ|kz = λ(a2 + b2ky) ∩ 3/8− k2/2 = −λ(a1 + b1kx)}.
(15)
Now we calculate the parameter equations of the exceptional lines in the momentum space. From kz = ∓λb2ky ∓ λa2 and
3/8− k2/2 = ±λ(a1 + b1kx), we obtain
4(kx ± λb1)2 + 4(1 + λ2b22)(ky +
λ2a2b2
1 + λ2b22
)2 = f∓, (16)
where f∓ = 3 + 4λ2b21 − 4λ2a22 ∓ 8λa1 + (4λ4a22b22)/(1 + λ2b22). If f∓ ≥ 0, the above equations have solutions, namely,
{kx, ky, kz} = {∓λb1 +
√
f∓
2
cos t,− λ
2a2b2
1 + λ2b22
+
√
f∓
4(1 + λ2b22)
sin t,∓λa2 ± λ
3a2b
2
2
1 + λ2b22
∓ λb2
√
f∓
4(1 + λ2b22)
sin t},
(17)
where t ∈ [−pi, pi]. In the limit λ 1, f∓ is always larger than zero, which means the exceptional lines (ELs) always exist in the
λ 1 limit. In the continuum limit, an algebraic method can be applied to calculate the parameter equations of the ELs. In the
lattice Hamiltonian, the parameter equations are not easy to be analytically calculated. Two specific cases need to be addressed
in the above calculation. One is that in the a1 = b1 = a2 = b2 = 1 case, the system does not have Hopf-link ELs. The other is
about the assumption of gy(k) = 0. Without this assumption, it seems the above method can not be applied. However, in this
case, Hopf-link ELs can still be analyzed by the linking number discussed in the main text.
Understanding the Hopf-link exceptional lines by geometry and perturbation analysis
In this section, we briefly discuss ELs of non-Hermitian systems by geometry and perturbation analysis. As shown in the
main text, the FSs are determined by the following two equations,
|h(k)|2 − λ2|g(k)|2 ≤ 0, 2λh(k) · g(k) = 0. (18)
8If λ = 0, the FSs are only determined by |h(k)| = 0, namely, hx(k) = hz(k) = 0, which determines the nodal lines in the
Hermitian limit. Now we first consider the first equation of Eq. 18,
|h(k)|2 − λ2|g(k)|2 ≤ 0. (19)
As the nodal lines have linear dispersion along the two perpendicular directions, the above inequation determines a solid torus
in the momentum space with λ 1, if |g(knl)| 6= 0. The second equation in Eq. 18
2λh(k) · g(k) = 0, (20)
determines a 2d surface in the momentum space. Thus in the case of nodal line semimetals under non-Hermitian perturbations, an
important observation is that the intersection surface determined by Eq. 18 is always a strip in the limit λ 1 and |g(knl)| 6= 0.
From 2λh(knl) · g(knl) = 0, we see that the surface determined by the Eq. 20 always contains the nodal line. The nodal line
is also the center of the solid torus determined by Eq. 19. Thus the surface 2λh(k) · g(k) = 0 always intersects the center of
solid torus. As a consequence, the FS in the λ  1 limit with |g(knl)| 6= 0 is always a strip with the ELs at boundaries. From
this understanding, we can conclude in the λ 1 limit with |g(knl)| 6= 0, the FSs can be classified by their twisting properties,
namely, the winding number discussed specifically in the next section. If |g(k0nl)| = 0 at some points k0nl, two ELs touch
together at these points. This argument is not sensitive to the existence of gy(k). The λ  1 limit is a reasonable assumption
because non-Hermitian perturbation strength is much smaller than the Hermitian energy scale in experimental setups.
Winding number defined by the non-Hermitian perturbations
In the above section, we have argued that the FSs of the nodal line semimetals under small non-Hermitian perturbations is
always a strip. Although, this strip has zero width when |g(k0nl)| = 0, the winding structure of the strip can still be defined. This
winding number is defined by the normal direction of the FSs along the nodal line. This normal direction is
d(k) = 2λ∇kh(k) · g(k) + 2λh(k) · ∇kg(k). (21)
Along the nodal line, we have h(knl) = 0, thus the above equation becomes,
d(knl) = 2λ∇kh(k) · g(k)|k=knl . (22)
In order to simplify the discussion, we assume that the nodal line semiemtals have a mirror symmetry at the kz = 0 plane. The pa-
rameter equation of the nodal line is (knl,x(t), knl,y(t), 0). The tangential direction of the nodal line is (∂tknl,x(t), ∂tknl,y(t), 0).
Using the coordinate system defined by eˆ1 · (eˆ2 × eˆ3) = 1 and eˆ1 = N1(∂tknl,x(t), ∂tknl,y(t), 0), eˆ3 = (0, 0, 1),
where N1 is the normalization factor, we obtain the eˆ2 vector. We can show that eˆ2 = N1(−∂tknl,y(t), ∂tknl,x(t), 0) and
N1 = 1/
√
(∂tknl,x(t))2 + (∂tknl,y(t))2. Projecting the d(knl) vector onto (eˆ2, eˆ3), we obtain
d˜(knl(t)) = (d˜x(knl(t)), d˜y(knl(t)))
= N(d˜1(knl(t)), d˜2(knl(t)))
= N(N1[−∂tknl,y(t)d1(knl(t)) + ∂tknl,x(t)d2(knl(t))], d3(knl(t))),
(23)
whereN is the normalization factor of d˜(knl(t)). Using the above two components of the d˜(knl(t)) vector, the winding number
can be defined as
ν =
1
2pi
∫ pi
−pi
dtεij d˜i∂td˜j , (24)
where d˜i = d˜x, d˜y .
In the example we discussed in the main text, (knl,x(t), knl,y(t), 0) = (
√
3/4 cos t,
√
3/4 sin t, 0). We obtain
eˆ1 = (− sin t, cos t, 0), eˆ2 = (− cos t,− sin t, 0). (25)
From h(k) = (kz, 0, 3/8− k2/2) and g(k) = (gx, gy, gz), the vector of d(knl) can be calculated as
d(knl) = 2λ(−kxgz,−kygz, gx). (26)
9Projecting onto the (eˆ2, eˆ3) direction, we obtain
d˜(knl(t)) = 2λN(
√
3/4gz(knl(t)), gx(knl(t))), (27)
whereN is the normalized factor. This winding number is independent of the gy(k) term in our model. This gy(k) term controls
the width of the FS. According to Eq.19, the two ELs can not touch together if |g(knl)| > 0. As a result, from Eq. 27, if the
winding number is nonzero, |g(knl)| is larger than zero so that the two lined ELs can not touch together. Thus Hopf-link EL is
totally determined by the winding number and is independent of gy(k) term in our model.
